
 

18 

 

Proc. of the Third Intl. Conf. Advances in Civil, Structural and Mechanical Engineering- CSM 2015 
Copyright © Institute of Research Engineers and Doctors, USA .All rights reserved. 

ISBN: 978-1-63248-062-0 doi: 10.15224/ 978-1-63248-062-0-31 

 

The exact solution of the problem on the forced 
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Abstract—A finite elastic wedge shaped thick plate is 

considered. One of the faces is based on a rigid base,  other is 

exposed to a dynamic oscillating loading through an absolutely 

rigid plate. On the side faces the conditions of the smooth contact 

are given, at the plate’s end stress are equal zero. The solving is 

based on a special linear transformation of Lame’s equations and 

an applying of the matrix integral transformation method. The 

proposed approach leads to a one-dimensional vector boundary 

value problem for which an exact solution is constructed. The 

analysis of the eigen frequencies’ distribution and resonance’s 

frequencies are done. 
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I.  Introduction 
The studies of oscillatory processes held today detail and 

extensively [1-6], due as to the wide practical applications of 
the research’s results in an engineering,  so and to a 
development of the mathematical solving methods for the 
problems of the deformable bodies’ dynamics. It should be 
noted that the problem for the wedge-shaped bodies in view of 
the complexity of its geometry is studied much less than the 
problems for the bodies of the cylindrical and spherical 
shapes, the circular disks and plates. In a static statement the 
problems for the wedge plates are considered in [7,8] a 
dynamic effect on the wedge-shaped plate was studied in [9-
11], where the authors used  the approximate methods for 
solving of the boundary value problems. The analytical 
solving method,  which allow to obtain an exact solution of the 
three-dimensional problem of the wedge plate’s  free 
vibrations with some special boundary conditions on its 
surface, was proposed in [12]. 

One of the important directions in the studying of the 
oscillatory processes is a determination the elastic bodies’  
eigenfrequencies . These investigations are well known for  
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the bodies of the canonical shapes, the finite elastic cylinders, 

the disks and the rectangle [11]. The studying of the 

eigenfrequencies for an wedge shaped plate apparently 

previously was not conducted. Also useful are the 

investigations of an edge resonance phenomenon, by which 

one means the eigen oscillations with the significant localized 

zones of an increased intensity of the dynamic stress state 

around the certain parts of the boundary surfaces.  This 

phenomenon was studied in detail and comprehensively for 

the isotropic and transversely isotropic bodies of the  

canonical forms, but the studies for the elastic wedge shaped 

bodies in the literature are not marked. 
In the proposed work an exact solution of the dynamic 

problem for a finite wedge plate is constructed. The 
investigation of the eigenfrequencies’ spectrum is conducted. 
The edge resonance’s frequencies are detected. 

II. The Problem’s Statement and 
its Reducing to the one-

dimensional vector boundary 
Problem 

The elastic wedge shaped thick plate 0≤r≤a, 0≤≤, 0≤z≤h 
is considered. A plate’s face z=h (the lower bound) is 
considered to be based on a rigid smooth base 

 

In the smooth contact with the face z=0 is absolutely rigid 
plate of the known mass m, which has the same form as the 
upper face of the plate. The concentrated force P(t) by the law 

Pcost ( is the load’s frequency) is applied to the rigid plate 

through the line 0≤r≤a, =/2 at the distance l from the vertex 
of the wedge. Under this force’s influence the points of the 

upper bound are shifted at the value +Arcos, and the 
conditions on the face z=0 can be written as 

 

The unknown constants , A are determined from the rigid 
plate movements’ equations, which on the basis of the 
D’Alamber’s principal are written as 
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The conditions of the smooth contact are fulfilled at the faces 

=0, = 

 

On the face r=a the conditions of the elasticity’s first 
fundamental problem are assumed 

 

It is required to find the solution of the problem that satisfies 
to all boundary conditions and the movements’ equations for 
the displacements.  

III. The Problem’s Reducing to the 
one-dimensional vector boundary 

Problem 
One must apply the Fourier’s transformations with regard 

to the variable  to the movements’ equations and the 
boundary conditions by the scheme 

 

 

Here and further is assumed that 

 

During the procedure’s executing the boundary conditions at 

the faces =0, = were satisfied. To the transformed 
equations and the boundary conditions at the bottom and upper 
faces the Fourier’s transformations with regard to the variable 
z were applied 

 

 

A. The Solving of the one-dimensional 
vector boundary Problem for the Case 
n=0, k≥1 
In this case the transformed movement’s equations system 

is separated on the two equations, which with the 

corresponded boundary conditions are written in the form of 
the vector boundary problem  

 

where  

 

, , 

 

.  

The notifications are taken here and further  

,  

 

, G, ,  -  are a shear modulus, a density and 
a Poisson's ratio correspondently, a stroke above a letter 
denotes the derivative with respect to the first variable. 

For the solution’s construction one must solve the matrix 

homogenous equation [13, 14]. 

With this aim the matrix  0k
H r,s is found. The main 

property is the executing of the equality  

 

One can sure that matrix 

 

satisfies to this demand ( the regularity in zero is guaranteed).  
The solution of the obtained matrix equation is found with the 
help of the residual’s calculations with the formulas, which is 
proposed in [13]. After it the solution of the homogenous 
matrix equation is obtained 
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for two cases q< and q> correspondently. As it seen, the 

second column in the case q< takes pure image values, that is 
why for the providing of the displacements’ value realness at 
this case (with regard of the known correspondences for the 

Bessel’s functions  [15]), 
the solution of the initial problem is constructed in the form 

 

 

First formula here corresponds to the case q> , second one – 

to the case q< . The constants are the unknown real constants 
that will be found later. 

The particular solution of the inhomogeneous equation is 
constructed with the using of the fundamental matrix. This 
fundanebtal matrix was constructed by the help of the method 
that is given  in [16] in the form 

 

All elements of this matrix are expressed through the integrals 

of such form 

 

where m=01,2,3,  

, . These 
integrals are reduced ti the known table integrals [15].  The 
particular solution of the inhomogeneous equation is 
constructed. The formulas for the displacements are obtained 
in the obvious form. The unknown constants , contained in the 
general solution will be defined by the satisfying  the 
boundary functionals.  

 

 

IV. The Transformation of the 
initial boundary Problem for the 

Case n≥1, k≥1 
Before the consideration of the general case of the 

Fourier’s transformation parameters n≥1, k≥1, one must input 
the new unknown function associated with the original ones 
by the correspondences 

 

A result we obtain in the transformations’ domain the 
system of the movements’ equations with regard of these new 
functions. This allows to construct the boundary value vector 
problem and apply the scheme, which was presented earlier, 
but for the matrixes of 3 by 3 dimension.  

The application of the inverse Fourier’s transformation 
completes the solution’s construction 

 

 

 

The obtained series are the conditionally convergent ones. 
That is connected with application of the integral 
transformation regard of the variable z by the inhomogeneous 
boundary conditions. So why, before the calculations of the 
stress values and the differentiation of the displacements’ 
formulas, one need to extract the weak convergent part of the 
series. This was done and series are summarized with the 
known formulas [15]. 

A. The Results of the Numerical 
Analyses 
The main goal of the numerical investigation in this 

problem is to identify the eigenfrequencies of the elastic 
wedge plate. They were investigated, and the dependence 
between their values and plate’s geometrical parameters was 
established. The values of the eigenfrequencies are inversely 
proportional as to the relative radius of the plat, so and to the 
angle of the wedge plate’s opening. A more complicated 
picture of the eigenfrequencies distribution is observed when 

an angle of the wedge is smaller than =/4. With the 
increasing of the dimensionless radius on the segment  3≤R≤7, 
the segment of the frequencies, at which eigenfrequecies 
appear, isn’t changed. These segment lie in the frequency 

range 1,55≤≤1,56. As described in detail in [11], the 
resonance phenomenon corresponds to the such segments. 
Also it was established that with the increasing of Poisson’s 
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coefficient value, the range, in which lies the edge resonance 
frequency, is increased also. The significant effect on the 
frequency of the plate’s edge resonance has the angle of the 
plate’s opening. Also was admitted that the increasing of the 
relative radius leads to the increasing of the edge resonance’s 
frequency too.  

Also it was found at what frequency of the forced 
oscillations begins the separation of the basis on which the 
conditions of the ideal contact are given. To do this, the values 
of the static normal stress  on the bottom face in the case of the 
wedge plate loading by its dead weight (at the edge r=a are 
assumed the conditions of the ideal contact) were calculated. 
The results were compared with the values of the same normal 
dynamic stress that arise in a similar problem when uploading 
the upper face with the oscillating force through an absolutely 
rigid plate is providing. Calculations showed that by the values 

of the forced oscillations’ frequency ≤62 the separation of 

the plate base’s points with an opening angle =/3 is not 
observed. A significant impact on the value of the frequency 
separation has the angle of the wedge opening. Thus, the angle 

of the plate =/6 corresponds to the  frequency =1,65 and 

angle =/4- frequency =1,96. 
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